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КОЛЕБАНИЙ ЦИЛИНДРИЧЕСКОЙ ПАНЕЛИ

Èññëåäóþòñÿ íèçêî÷àñòîòíûå êîëåáàíèÿ òîíêîé öèëèíäðè÷åñêîé ïàíåëè. Ïðîèçâåäåíî
àñèìïòîòè÷åñêîå èíòåãðèðîâàíèå ñèñòåìû óðàâíåíèé. Ïîñòðîåíû ïîëóáåçìîìåíòíîå (îñ-
íîâíîå) ðåøåíèå è èíòåãðàëû êðàåâîãî ýôôåêòà â îêðåñòíîñòè êðèâîëèíåéíûõ êðàåâ öè-
ëèíäðè÷åñêîé ïàíåëè. Ðåøåíà êðàåâàÿ çàäà÷à â ïåðâîì ïðèáëèæåíèè, â ðåçóëüòàòå ÷åãî
ïîëó÷åíà ôîðìóëà äëÿ àñèìïòîòè÷åñêîé ãëàâíîé ïîïðàâêè ê ÷àñòîòå êîëåáàíèé öèëèíäðè-
÷åñêîé ïàíåëè ïðè ðàçëè÷íûõ óñëîâèÿõ çàêðåïëåíèÿ ïðÿìîëèíåéíûõ è êðèâîëèíåéíûõ êðàåâ.
Ðàññìîòðåí ÷àñòíûé ñëó÷àé øàðíèðíîãî çàêðåïëåíèÿ êðèâîëèíåéíûõ êðàåâ öèëèíäðè÷åñêîé
ïàíåëè.

Öèëèíäðè÷åñêàÿ ïàíåëü, íèçêî÷àñòîòíûå êîëåáàíèÿ, àñèìïòîòè÷åñêîå èíòåãðèðî-
âàíèå, ïîëóáåçìîìåíòíîå ðåøåíèå, èíòåãðàëû êðàåâîãî ýôôåêòà, ïåðâîå ïðèáëèæåíèå

Ââåäåíèå

Êîíñòðóêòèâíûå ôîðìû ñîâðåìåííûõ ìàøèí
è ñîîðóæåíèé ÷ðåçâû÷àéíî ðàçíîîáðàçíû. Â îñ-
íîâó ìíîãèõ èç íèõ ïîëîæåíû îáîëî÷êè, ïðèìå-
íÿåìûå â ìàøèíîñòðîåíèè, ðàêåòîñòðîåíèè,
àòîìíîé ýíåðãåòèêå, ñóäîñòðîåíèè è ò. ä. Òàê êàê
îáëî÷å÷íûå êîíñòðóêöèè î÷åíü ÷àñòî íàõîäÿòñÿ
ïîä âîçäåéñòâèåì äèíàìè÷åñêèõ íàãðóçîê, î÷åíü
âàæíûì ÿâëÿåòñÿ îïðåäåëåíèå ÷àñòîò è ôîðì ñîá-
ñòâåííûõ êîëåáàíèé îáîëî÷åê, òàê êàê çíàíèå
ýòèõ õàðàêòåðèñòèê ïîçâîëèò èçáåæàòü ÿâëåíèÿ
ðåçîíàíñà, êîòîðûé ìîæåò ïðèâåñòè ê ðàçðóøå-
íèþ êîíñòðóêöèé.

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàþòñÿ ñâîáîä-
íûå íèçêî÷àñòîòíûå êîëåáàíèÿ òîíêîé öèëèíä-
ðè÷åñêîé ïàíåëè. Â êà÷åñòâå óðàâíåíèé âçÿòû
óòî÷íåííûå óðàâíåíèÿ êîëåáàíèé, â êîòîðûõ
ó÷èòûâàåòñÿ âëèÿíèå ÷ëåíîâ, íå âõîäÿùèõ â óðàâ-
íåíèÿ êîëåáàíèé ïîëîãèõ îáîëî÷åê, ÷òî ïîçâî-
ëÿåò ïîìèìî âòîðîñòåïåííûõ ÷ëåíîâ â ýòèõ óðàâ-
íåíèÿõ ó÷åñòü âëèÿíèå ðàçëè÷íûõ ãðàíè÷íûõ óñ-
ëîâèé íà ÷àñòîòó êîëåáàíèé.

1. Óòî÷íåííûå óðàâíåíèÿ êîëåáàíèé

Â êà÷åñòâå óðàâíåíèé äâèæåíèÿ â ýòîì ïàðà-
ãðàôå âîçüìåì ñëåäóþùèå óðàâíåíèÿ, çàïèñàí-
íûå â áåçðàçìåðíîì âèäå [1]:
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Ñîîòíîøåíèå óïðóãîñòè è êèíåìàòè÷åñêèå
ñîîòíîøåíèÿ èìåþò âèä:
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ãäå Mi, H – èçãèáàþùèå è êðóòÿùèé ìîìåíòû;
0>ε  – íîâûé ìàëûé ïàðàìåòð òîíêîñòåííî-

ñòè ( )µ=ε2 , ïî öåëûì ñòåïåíÿì êîòîðîãî áóäåò

ðàçëîæåíî ðåøåíèå;
x, ϕ  – áåçðàçìåðíûå îðòîãîíàëüíûå êðèâî-

ëèíåéíûå êîîðäèíàòû íà ñðåäèííîé ïîâåðõíîñ-
òè îáîëî÷êè;

iT , S, iQ  – íîðìàëüíûå, êàñàòåëüíîå, ïîïå-
ðå÷íûå óñèëèÿ;

u, ,ν  w  – ñîñòàâëÿþùèå ïåðåìåùåíèé;
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λ  – ïàðàìåòð ÷àñòîòû êîëåáàíèé.
Òàêèì îáðàçîì, â óðàâíåíèÿõ (1) ó÷èòûâàåò-

ñÿ âëèÿíèå òåõ ÷ëåíîâ, êîòîðûå íå âõîäÿò â óðàâ-
íåíèÿ êîëåáàíèé òåîðèè ïîëîãèõ îáîëî÷åê [2] è

èìåþò ïîðÿäîê 2ε  ïî ñðàâíåíèþ ñ ãëàâíûìè

÷ëåíàìè. Ýòî ïîçâîëèò ó÷åñòü âëèÿíèå ðàçëè÷-
íûõ ãðàíè÷íûõ óñëîâèé íà ÷àñòîòó êîëåáàíèé [3].

Ãðàíè÷íûå óñëîâèÿ íà êðàÿõ 0x =  è lx = :

0u =  èëè 0T1 = , 0v =  èëè 0HS =+ , (3)
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ϕ∂

∂
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0M1 = .

Ãðàíè÷íûå óñëîâèÿ íà êðàþ 0=ϕ :

0v =  èëè 0T2 = , 0u =  èëè 0S = , (4)
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x
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∂
∂
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0M2 = .

2. Àñèìïòîòè÷åñêîå èíòåãðèðîâàíèå ñèñòå-
ìû (1)

Ðåøåíèå ñèñòåìû óðàâíåíèé (1) ïðåäñòàâèì
â âèäå

( ) ( ) ( )ϕ+ϕ=ϕ ,xw,xw,xw k0 ,  (5)

òàê êàê íàïðÿæåííîå ñîñòîÿíèå ñêëàäûâàåòñÿ èç
îñíîâíîãî íàïðÿæåííîãî ñîñòîÿíèÿ è êðàåâîãî
ýôôåêòà.

Îñíîâíîå (ãëàâíîå) ðåøåíèå èìååò èçìåíÿå-
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Ñîîòâåòñòâóþùåå íàïðÿæåííîå ñîñòîÿíèå ïðè-
íÿòî íàçûâàòü ïîëóáåçìîìåíòíûì.

Êðàåâîé ýôôåêò âáëèçè êðàåâ 0x = , lx −=

èìååò èçìåíÿåìîñòü 2−ε  ïî x  è 1−ε  ïî ϕ, òî åñòü
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èçìåíÿåìîñòü ïî ϕ, ïîñêîëüêó ïðè óäîâëåòâîðå-
íèè ãðàíè÷íûõ óñëîâèé èõ íåîáõîäèìî ïðèðàâ-
íèâàòü ïðè 0x = , lx −=  è ïðè âñåõ ϕ. Îñíîâíûå

èíòåãðàëû ïðåäñòàâèì ïðèáëèæåííî â âèäå
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ãäå ( )y,xw0
0 , ( )y,xw0

2  – íóëåâîå è ïåðâîå ïðè-

áëèæåíèÿ îñíîâíûõ èíòåãðàëîâ.
Çäåñü âëèÿíèåì çàêðåïëåíèÿ âòîðîãî êðàÿ

0ϕ=ϕ  ïðåíåáðåãàåì, ñ÷èòàÿ, ÷òî ïðè ïðèáëè-
æåíèè ê íåìó ðåøåíèå çàòóõàåò. Ïîýòîìó ðàñ-
ñìîòðèì êîëåáàíèÿ öèëèíäðè÷åñêîé ïàíåëè, çà-

íèìàþùåé îáëàñòü 0xl ≤≤− , 0y ≤≤−∞ , ïðè÷åì

1~l .
Ïàðàìåòð ÷àñòîòû l èùåì â âèäå

R2
2

0 λ+λε+λ=λ . (9)

Âåëè÷èíà 0λ , îäèíàêîâàÿ äëÿ îäíîé ãðóïïû
ãðàíè÷íûõ óñëîâèé íà êðèâîëèíåéíûõ êðàÿõ,

áûëà îïðåäåëåíà â [2]. ×åðåç Rλ  îáîçíà÷åí îñòà-
òî÷íûé ÷ëåí.

Áóäåì îïðåäåëÿòü âåëè÷èíó 2λ . Îíà çàâèñèò
îò ìëàäøèõ ÷ëåíîâ â óðàâíåíèÿõ ðàâíîâåñèÿ (1)

è îò ãðàíè÷íûõ óñëîâèé ïðè 0=ϕ  è 0x = ,

lx −= .
Äëÿ òîãî, ÷òîáû ðàññìàòðèâàòü ðàçëè÷íûå âà-

ðèàíòû ãðàíè÷íûõ óñëîâèé, íåîáõîäèìî èìåòü
âûðàæåíèå âñåõ ôóíêöèé, îïðåäåëÿþùèõ íàïðÿ-
æåííî-äåôîðìèðîâàííîå ñîñòîÿíèå öèëèíäðè÷åñ-
êîé ïàíåëè. Íèæå ïîëó÷åíû ïåðåìåùåíèÿ u, v,

óãëû ïîâîðîòà 1γ , 2γ , òàíãåíöèàëüíûå óñèëèÿ

1T , S, 2T , ìîìåíòû 1M , H, 2M  è ïåðåðåçûâà-

þùèå ñèëû ∗1Q , ∗2Q  â íóëåâîì è ïåðâîì ïðè-
áëèæåíèÿõ. Èíäåêñû îïóñêàåì.

Êîëåáàíèÿ áóäóò íèçêî÷àñòîòíûìè, åñëè òî÷-
íî èëè ïðèáëèæåííî âûïîëíÿþòñÿ ñëåäóþùèå
ñîîòíîøåíèÿ:
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òî åñòü

0wv
=−

ϕ∂
∂ , 0

x
vu

=
∂
∂

+
ϕ∂

∂ . (11)

Ïîýòîìó ïðè ïîñòðîåíèè îñíîâíîãî ðåøåíèÿ
â íóëåâîì ïðèáëèæåíèè â ñèñòåìàõ óðàâíåíèé
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∂
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2ε , ω  ñëåäóåò çàìåíèòü íóëÿìè. Òîãäà, ó÷èòû-
âàÿ õàðàêòåð èçìåíÿåìîñòè (2), èç óðàâíåíèÿ (11)
ïîëó÷àåì ïåðåìåùåíèÿ (â äàëüíåéøåì ïåðåõî-
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äèì ê ïåðåìåííîé ó ïî ôîðìóëå (8))
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Èç óðàâíåíèé ðàâíîâåñèÿ (1) îïðåäåëÿåì óñè-
ëèÿ
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Äëÿ òîãî, ÷òîáû ïîëó÷èòü îñíîâíûå èíòåãðà-

ëû â ïåðâîì ïðèáëèæåíèè, âîçüìåì 02 ≠ε , 0≠ω .
Òîãäà
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Àíàëîãè÷íûì ñïîñîáîì îïðåäåëÿåì îñòàëüíûå
íåèçâåñòíûå. Ðåçóëüòàòû ïîìåñòèì â òàáëèöó 1,
èñïîëüçóÿ äëÿ êðàòêîñòè îáîçíà÷åíèÿ äëÿ ïðî-
èçâîäíûõ è ïîâòîðíûõ èíòåãðàëîâ

Òàáëèöà 1
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ãäå n – ïåðåìåííàÿ, ïî êîòîðîé ïðîâîäèòñÿ äèô-
ôåðåíöèðîâàíèå èëè èíòåãðèðîâàíèå.

Èíòåãðàëû êðàåâîãî ýôôåêòà ïðè 0x =  â íó-
ëåâîì ïðèáëèæåíèè èìåþò âèä [4]
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2
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Èñïîëüçóÿ òå æå ñîîòíîøåíèÿ, ÷òî è ïðè
íàõîæäåíèè îñíîâíûõ èíòåãðàëîâ, è âûðàæå-
íèÿ (16), ïîëó÷àåì èíòåãðàëû êðàåâîãî ýôôåêòà
ïðè 0x =  äëÿ âñåõ ôóíêöèé, âõîäÿùèõ â ôîð-
ìóëèðîâêó ãðàíè÷íûõ óñëîâèé íà êðèâîëèíåé-
íûõ êðàÿõ
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2k
j1 wrQ ε−=∗ , k

j
k
y

4k
j1 wrM ε= .

Êàê è äëÿ îñíîâíûõ èíòåãðàëîâ, äëÿ èíòåã-
ðàëîâ êðàåâîãî ýôôåêòà ïðèâåäåì òàáëèöó 2 ñ
èñïîëüçîâàíèåì òåõ æå îáîçíà÷åíèé (16).

Òàáëèöà 2
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Ïðè lx −=  èíòåãðàëû êðàåâîãî ýôôåêòà â
íóëåâîì ïðèáëèæåíèè èìåþò âèä

( ) 1211 rk
44

rk
33

k ewCeywCw ζ−ζ− += , 21
lx

ε

+
=ζ .  (20)

Äëÿ îñòàëüíûõ ôóíêöèé, âõîäÿùèõ â ãðàíè÷-
íûå óñëîâèÿ, èíòåãðàëû êðàåâîãî ýôôåêòà ïðè

lx −=  áóäóò èìåòü òîò æå âèä, ÷òî è â ôîðìóëàõ
(19) è â òàáëèöå 2, ñ òîé ëèøü ðàçíèöåé, ÷òî ó

ôóíêöèé u, 1γ , S, Í, ∗1Q  èçìåíèòñÿ çíàê.

3. Ðåøåíèå êðàåâîé çàäà÷è â ïåðâîì ïðèáëè-
æåíèè

Çàéìåìñÿ êðàåâîé çàäà÷åé. Ïîäñòàâèì â òðå-
òüå óðàâíåíèå ðàâíîâåñèÿ (1) âûðàæåíèÿ äëÿ Ò2,
Q1, Q2, èç òàáëèöû 1 è
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0 www ε+= , 2
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0 λε+λ=λ . (21)

Çàòåì ïðîäèôôåðåíöèðóåì ïîëó÷åííîå óðàâ-
íåíèå ÷åòûðå ðàçà ïî ó è, ïðèðàâíèâàÿ íóëþ
ñóììó ñëàãàåìûõ îäíîãî ïîðÿäêà ïî ε , ïîëó÷èì
äâà óðàâíåíèÿ:
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Âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè îíè îáðàçó-
þò êðàåâóþ çàäà÷ó â íóëåâîì è ïåðâîì ïðè-
áëèæåíèÿõ.

Ðàññìîòðèì êðàåâóþ çàäà÷ó â ïåðâîì ïðè-
áëèæåíèè. Óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ ýòîé
íåîäíîðîäíîé çàäà÷è ñëóæèò äëÿ îïðåäåëåíèÿ

ïîïðàâêè 2λ , âõîäÿùåé â ïðàâóþ ÷àñòü óðàâíå-
íèÿ (23). Äëÿ òîãî, ÷òîáû ïîëó÷èòü ýòî óñëîâèå,
ïðîèíòåãðèðóåì óðàâíåíèå (23) ïî ó îò −∞  äî ó

÷åòûðå ðàçà, çàòåì óìíîæèì åãî íà 0
0w è ïðîèí-

òåãðèðóåì åãî òåïåðü óæå ïî ïîëóïîëîñå
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Â ðåçóëüòàòå èíòåãðàë ïî ïëîùàäè ïîëóïîëî-
ñû â ëåâîé ÷àñòè (25) îáðàòèòñÿ â íóëü è ìû

ïîëó÷èì âûðàæåíèå äëÿ 2λ  â âèäå
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=

++=λ ,                 (26)
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  (27)

Ìíîæèòåëü ïåðåä èíòåãðàëàìè ñâÿçàí ñ ââî-

äèìîé íèæå íîðìèðîâêîé ôóíêöèè 0
0w .

Ïðè ïîñëåäóþùåì âû÷èñëåíèè èíòåãðàëîâ
âìåñòî õ è ó óäîáíî ïåðåéòè ê íîâûì ïåðåìåí-

íûì ξ  è η  ïî ôîðìóëàì

l/x=ξ , 01 ≤ξ≤− , py=η .           (28)

Òîãäà

( ) ( ) ( )ηξ= YXy,xw0
0 ,                      (29)

ïðè÷åì

( ) 0XX 44 =α− , ( ) ( ) .0YY2Y 4
0

8 =+λ−      (30)

Ôóíêöèÿ ( )ξX  çàâèñèò îò ãëàâíûõ ãðàíè÷íûõ
óñëîâèé íà êðèâîëèíåéíûõ êðàÿõ, à ôóíêöèÿ

( )ηY  – îò âñåõ ãðàíè÷íûõ óñëîâèé íà ïðÿìîëè-
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íåéíîì êðàå 0=ϕ . Âåëè÷èíà 0λ  äëÿ ñîîòâåò-
ñòâóþùèõ ãðàíè÷íûõ óñëîâèé íà ñëàáî çàêðåï-

ëåííîì êðàå 0x =  ñîâïàäàåò ñî çíà÷åíèåì 0λ ,
ïîëó÷åííûì äëÿ çàäà÷è óñòîé÷èâîñòè ïðè îñå-
âîì ñæàòèè.

Áóäåì ñ÷èòàòü ôóíêöèè ( )ξX  è ( )ηY  íîðìè-
ðîâàííûìè

∫− =ξ
0
l

2 ,1dX  ∫ ∞−
=η

0 2 1dY .            (31)

Â ðåçóëüòàòå çàìåí (28) ïðè âû÷èñëåíèè èí-
òåãðàëîâ â (27) áåçðàçìåðíàÿ äëèíà l âõîäèò ìíî-
æèòåëåì.

Âåëè÷èíû I1 è I2 â (27) çàâèñÿò îò ãðàíè÷-

íûõ óñëîâèé íà êðàþ 0y =  è îò ãëàâíûõ ãðàíè÷-
íûõ óñëîâèé íà êðèâîëèíåéíûõ êðàÿõ.

Âåëè÷èíû I3 çàâèñÿò, êðîìå âñåãî ïðî÷åãî,
îò äîïîëíèòåëüíûõ ãðàíè÷íûõ óñëîâèé íà êðè-
âîëèíåéíûõ êðàÿõ, ïðè÷åì êàæäûé êðèâîëèíåé-
íûé êðàé äàåò, íåçàâèñèìî îò äðóãîãî, ñâîé
âêëàä.

Âû÷èñëÿÿ äâîéíîé èíòåãðàë â I1 íàõîäèì

( ) ( )( )2
202020

2
0,2021 la2ba2lb

pl
1I ++−λ= − ,  (32)

ãäå èìåþùèå ïîðÿäîê åäèíèöû áåçðàçìåðíûå

êîýôôèöèåíòû kna  è knb  ðàâíû

,
d

Xd
d

Xda n

n0

1
k

k

kn ξ∂
ξξ

= ∫
−

 .
d

Yd
d

Ydb n

n0

k

k

kn η∂
ηη

= ∫
∞−

 (33)

Ñ ó÷åòîì óðàâíåíèÿ (30), êîòîðîìó óäîâëåò-

âîðÿåò ôóíêöèÿ ( )ξX , íàõîäèì ñóììó

( )( )

( ) .
p2
bb3

pl
YYaa

pl
b1bba
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   (34)

Ïðèâåäåííàÿ âûøå âåëè÷èíà 21 II +  çàâèñèò
ëèøü îò ãëàâíûõ ãðàíè÷íûõ óñëîâèé íà êðèâî-
ëèíåéíûõ êðàÿõ. Ïðè ïîñòðîåíèè ñëàãàåìîãî I3 â
ðàññìîòðåíèå âêëþ÷àþòñÿ è äîïîëíèòåëüíûå ãðà-
íè÷íûå óñëîâèÿ, à âìåñòå ñ íèìè è èíòåãðàëû
êðàåâîãî ýôôåêòà.

4. Øàðíèðíî îïåðòûå êðèâîëèíåéíûå êðàÿ

Íà êðàÿõ x = 0 è y = –l âîçüìåì ãðàíè÷íûå
óñëîâèÿ øàðíèðíîé îïîðû 0110, ïðè êîòîðûõ
âîçìîæíî òî÷íîå ðàçäåëåíèå ïåðåìåííûõ. Òîãäà
ðåøåíèå ìîæíî èñêàòü â áåçðàçìåðíîì âèäå

( ) ( ) ( ) ( )( ) ( ),XOYY,w 4220 ξε+ηε+η=ηξ

( ) ,sin2X πξ=ξ (35)

ãäå íåçàâèñèìûå ïåðåìåííûå ξ  è η  ââåäåíû ïî
ôîðìóëàì (28) ïðè π=α . Ïðè ýòîì êðàåâîé
ýôôåêò â îêðåñòíîñòè êðèâîëèíåéíûõ êðàåâ íå
âîçíèêàåò è îáðàùàåòñÿ â íóëü çàâèñÿùèé îò
èíòåãðàëîâ êðàåâîãî ýôôåêòà èíòåãðàë I3. Â ñèëó
ôîðìóë (21), (26), (34) ïðè

,l/p π= ,π=α  ,a 2
11 π=  2

20a π−=       (36)

ïîëó÷àåì âûðàæåíèå äëÿ ïàðàìåòðà ÷àñòîòû λ  â
âèäå

( ),O 4
2

2
0 ε+λε+λ=λ                  (37)
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( )( )
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1,53,1

20112,42

−−−
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+
−

−ν−ν−+=λ

       (38)

Ðàññìàòðèâàåìûé çäåñü ñëó÷àé òî÷íîãî ðàçäå-
ëåíèÿ ïåðåìåííûõ äàåò âîçìîæíîñòü ïðîâåðèòü
ïðàâèëüíîñòü ôîðìóëû (38) ïóòåì ñîïîñòàâëå-
íèÿ ñ ðåçóëüòàòàìè ÷èñëåííîãî èíòåãðèðîâàíèÿ
îäíîìåðíîé ñèñòåìû, ïîëó÷àþùåéñÿ ïîñëå ðàç-
äåëåíèÿ ïåðåìåííûõ (35).

Èñõîäíàÿ ñèñòåìà óðàâíåíèé (1) ìîæåò áûòü
çàïèñàíà â âåêòîðíîé ôîðìå.

( ) ,Z,A
d
dZ

ελ=
η (39)

ãäå ìàòðèöà A ïîëó÷åíà â [4]. Áóäåì èñêàòü åå
ðåøåíèå, óäîâëåòâîðÿþùåå çàäàííûì ãðàíè÷íûì
óñëîâèÿì, â âèäå

( ) ( )( )∑
=

ηε=εη
4

1k
kk ,qexpC,w  ,0qRe k >      (40)

ãäå Ñk – ïðîèçâîëüíûå ïîñòîÿííûå;
qk – êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

ñèñòåìû (39)

( ) .0qE,A =−ελ                      (41)

Îñòàëüíûå íåèçâåñòíûå ôóíêöèè èìåþò òîò
æå âèä (40). Èñêîìûé ïàðàìåòð ÷àñòîòû λ  îïðå-
äåëÿåì â ðåçóëüòàòå ïîäñòàíîâêè ðåøåíèÿ (40)
â ãðàíè÷íûå óñëîâèÿ (4).

Áóäåì ñðàâíèâàòü çíà÷åíèÿ ÷àñòîòû êîëåáà-
íèé ω , íàéäåííûå ðàçëè÷íûìè ñïîñîáàìè. Ïðåä-
ñòàâèì ω  â âèäå

,
R
E

2 Ω
ρ

=ω  λ
αε

=Ω 2
l

2
           (42)

è áóäåì ñðàâíèâàòü áåçðàçìåðíûå âåëè÷èíû Ω .
Â êà÷åñòâå ïðèìåðà âîçüìåì l = 1, 3.0=ν  è

òðè çíà÷åíèÿ h* = h/R = 0.01, 0.002. Ðåçóëüòàòû
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ñðàâíåíèÿ ïîìåùåíû â òàáëèöå  5. Ïðèâåäåíû çíà-

÷åíèÿ ïàðàìåòðà 0Ω  â íóëåâîì ïðèáëèæåíèè,

íàéäåííûå ïî ôîðìóëå (42) ïðè 0λ=λ , çíà÷å-

íèÿ ïàðàìåòðà ( )aΩ , ïîëó÷åííûå ñ ïîìîùüþ
àñèìïòîòè÷åñêîé ôîðìóëû (37), à òàêæå çíà÷å-

íèÿ ïàðàìåòðà ( )TΩ , íàéäåííûå ñ èñïîëüçîâà-
íèåì òî÷íîãî ðåøåíèÿ (40).

Âèäèì, ÷òî ñ óìåíüøåíèåì òîëùèíû îáî-
ëî÷êè òî÷íîñòü àñèìïòîòè÷åñêîé ôîðìóëû (37)
âîçðàñòàåò äëÿ âñåõ ðàññìîòðåííûõ âàðèàíòîâ ãðà-
íè÷íûõ óñëîâèé, ÷òî ÿâëÿåòñÿ êîñâåííîé ïðî-
âåðêîé åå ïðàâèëüíîñòè.

Òàáëèöà 5

Çàêëþ÷åíèå

Äëÿ âû÷èñëåíèÿ ÷àñòîò ïîëó÷åíà äâóõ÷ëåí-
íàÿ àñèìïòîòè÷åñêàÿ ôîðìóëà, ó÷èòûâàþùàÿ
âëèÿíèå êàê ãëàâíûõ, òàê è äîïîëíèòåëüíûõ ãðà-
íè÷íûõ óñëîâèé íà ÷àñòîòó êîëåáàíèé.
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INTEGRATION OF HIGH PUNCTUAL EQUATION FOR CYLINDRICAL
PANEL’S FLUCTUATION

Äîñë³äæóþòüñÿ íèçüêî÷àñòîòí³ êîëèâàííÿ òîíêî¿ öèë³íäðè÷íî¿ ïàíåë³. Ïðîâåäåíî àñèì-
ïòîòè÷íå ³íòåãðóâàííÿ ñèñòåìè ð³âíÿíü. Ïîáóäîâàí³ íàï³âìèòòºâ³ (îñíîâí³) ð³øåííÿ ³
³íòåãðàëè êðàéîâîãî åôåêòó â îêîëèö³ êðèâîë³í³éíèõ êðà¿â öèë³íäðè÷íî¿ ïàíåë³. Ðîçâ'ÿçàíà
êðàéîâà çàäà÷à â ïåðøîìó íàáëèæåíí³, â ðåçóëüòàò³ ÷îãî, áóëî îòðèìàíà ôîðìóëà äëÿ
àñèìïòîòè÷íî¿ ãîëîâíî¿ ïîïðàâêè, äëÿ ÷àñòîòè êîëèâàíü öèë³íäðè÷íî¿ ïàíåë³ çà ð³çíèõ
óìîâ çàêð³ïëåííÿ ïðÿìîë³í³éíèõ ³ êðèâîë³í³éíèõ êðà¿â. Ðîçãëÿíóòî ïîîäèíîêèé âèïàäîê
øàðí³ðíîãî êð³ïëåííÿ êðèâîë³í³éíèõ êðà¿â öèë³íäðè÷íî¿ ïàíåë³.

Öèë³íäðè÷íà ïàíåëü, íèçüêî÷àñòîòí³ êîëèâàííÿ, àñèìïòîòè÷íå ³íòåãðóâàííÿ, íà-
ï³âìèòòºâå ð³øåííÿ, ³íòåãðàëè êðàéîâîãî åôåêòó, ïåðøå íàáëèæåííÿ

Low frequency fluctuations of slim cylindrical panel has been analyzed. Asymptotical integration
of equation’s system for cylindrical panel was conducted. Semi-without moment (fundamental)
equation and integrals of the border effect for environment of curvilinear borders of cylindrical
panel were received. Border problem in the first approaching was determined, as a result formula
for main asymptotical correction of cylindrical panel’s frequency fluctuations by different conditions
of rectilinear and curvilinear border’s fastening was obtained. Particular case of hinge fixing of
curvilinear borders of cylindrical panel was considered in the article.

Ñylindrical panel, low frequency fluctuations, asymptotical integration, semi-without moment
obtain, border effect, first approaching




